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Shadowing of & dynamical system is often used to justify the validity of computer simulations
of the system, and in numerieal calenlations an inverse form of the shadowing concept is also
of some interest. In this paper we characterize the notion of shadowing in terms of stahility,
and express the notion of hyperbolicity nsing the cencept of inverse shadowing.
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1. Introduction

Shadowing, or the pseudo orbit tracing property
{POTP), of a dynamical system is often used to
justify the validity of computer simulations of the
system, asserting that there is a true orbit of the
system close to the computed one. The property
was [irst established for systems generated by hy-
perbolic diffeomorphisms and later for those gener-
ated by hyperbolic homeomorphisms. The theory
of shadowing has been intensively develaped in re-
cent years and has become a significant part of the
qualitative theory of dynamical systems, with many
interesting and deep results [Pilyugin, 1999].

In numerical caleulations an inverse form of the
shadewing conecept 15 also of some interest: Can s
ery orbit of the system be shadowed by a numer-
teal trajectory colenlated by the specific coTRpta-
tional routines and procedures under consideration?
A composite concept of bishadowing, combining
both shadowing and inverse shadowing, has been

introdhuced and shown to hold for systems sener-
ated by semi-hyperbolic mappings [Diamond et ol
1993, 1995; Kloeden ef al, 1999). An appropri-
ate choice of the class of admissible pseuda orbit
s erucial here, For example, Corless and Pilyugin
[1995] showed that diffeomorphisms with the strong
transversality condition do not have the inverse
shadowing property if this rlass is too large, while it
has been shown that Morse Smale diffeomorphisms
have the inverse shadowing property with respect
toran appropriately restricted class of psendo orbits,
but do not have the property with respect to larger
classes of pseudo orbits [Lee & Choi, 2002]. Very
recently Hunt showed that the orbits of a dynam-
ical system can be approximated by pseudo orbiis
which are interpreted as sample paths of a suitable
Markov chain based on a finite partition of phase
space [Hunt, 2001].

In See. 2, we introduce the concept of shad-
owing of a homeomorphism on a compact metric
space X with respect to various classes of admissible
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pseudo orbits. 1t is then shown that the notion
of shadowing s independent of the choiee of the
class of admissible pseudo orbits whenever X is a
compact manifold. Moreover we characterize the
concept of shadowing in terms of stahility.

In Sec. 3, we express the notion of hyperbol-
icity in terms of the concept of inverse shadowing.
It is well known that an expansive homeomaorphism
with the shadowing property on a compact mani-
fold is topologically stable [Walters, 1978]. Hence,
it has the inverse shadowing property with respect
to a suitable class of pseudo orbit [Kloeden &
Ombach, 1997]. However the expansivity and the
inverse shadowing property of a homeomeorphism
on & compact manifold does not imply the shad-
owing property. In fact, the pseudo Anosov diffeo-
morphism on & compact surface is expansive and
has the inverse shadowing property with respect to
a suitable class of pseudo orbit [Lewowicz, 1983,
Corollary 3.1]. but does not have the shadowing
property.

We introduce the concept of stable closed ex-
pansivity which is slightly stronger than that of
expansivity and show that a diffeomerphism on a
compact manifold is Anosov if and only if it is sta-
bly closed expansive and has the inverse shadowing
property with respect to a suitable class of pseudo
orhits. Moreover we claim that a diffeomorphism is
Anozov il and only if it has the weak inverse shadow-
ing unigueness property with respect to a suitable
class of pseudo orbits.

2. Shadowing and Stability

Let {X.d) be a ecompact metric space and let Z{X)
denote the space of homeomorphisms on X, A
homesmorphism will be identified with the dynami-
cal system it generates by iteration. Define a metric
g on Z(X) by

dol f, 9) = sup{d(f(2). glx)). d(f (=),
g™ z)) i e X3,

forany f.ge Z(X).
A d-psendo orbit of f £ Z{X) is a sequence of

points £ = {z, € X : k € £} such that
d{flep). zpq) <& kB
A d-pseudo arbit £ = {uag € X : k € £} s said

to be s=shadowed by a point = & X (or an orbit

{fl"I::rJ 1ke Z)if

dif¥(x),2n) <&, keZ.

Say that f € Z{X) has the pseudo orbit trucing
praoperty (POTP) if given £ = 0 there exists § = 0
such that any d-pseudo orbit of [ is s-shadowed by
a point in X.

Let X* be the compact space of all two sided
sequences £ = {x, : n € £} with elements 2, € X,
endowed with the produet topology. For § = (0, let
P ¢(8) denote the set of all 5-pseudo orbits of f.

A mapping ¢ : X — $p(d) C X% is said to
be a d-method for f. Then each wiz) € ®(d) is
a d-pseudo orbit of f. For convenience, write o(x)
for {wlz)kecz. Say that ¢ is a continnous d-method
for f if ¢ is continuous. The set of all d-methods
(resp. continuous d-methods) for f will be denated
by Talf,68) (resp. To(f,8)), and To(f) and To(f) are

defined as

= | 7(£.8)
il
and Telf) = UT::U?IS}-
A=
respectively,  Moreaver, every g € Z(X) with
da(f,g) < & induces a continuens dmethad g,
X — X% for [ by defining

0y(z) = {g*(z) 1 k e 2},

Let Ti(f) denote the set of all continuous methods
for f which are induced by homeomorphisms on X
Clearly,

TulF) € TS} € Talf)-

Note that a method in T2 f) need not be penerated
by a single mapping,

Definition 2.1. [ & Z{X) has the shadowing prop-
erty wrth respect to the elass T, oo = 0, e, h, if for
any £ >} there is 4 > {} such that for any &-method
win T, f) and any point y € X there exists a point
x e X for which

d(f* (=), ply)e) <&, k€L (see Fig. 1).
Definition 2.2. [ & Z{X) has the mmverse shadow
tng propevty unth respect fo the eloss T, o =0, 2, Ry
if for any £ > 0 there is 4 > 0 such that for any é-
method @ in To(f) and any point £ € X there exists
a point y € X for which

d(f*(z), o

y)e) <, kEZ (see Fig. 1).
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Fig. 1. An f-psendo orbit o(y) is e-shadowed by an arhit {521} and an orbit { f*(2)} is e-shadowed by-an d-pseudo acbit

e

flemark 2.3, Now, f € Z(X) has the shadowing
property with respect to the class Ty if and only if f
bas the POTP. Tosee this, let E = {rp e Xtk € Z
be a d-psendo orbit of f. Then the map ¢ X — X*
defined by

. ] B Ly if
PER= L hiay 3 s

=i,

is a d-method for [,

It is clear that it 7,. © 7,, then the shadowing
{resp. inverse shadowing) property with respect to
the class T, is weaker than that of the shadowing
(resp. inverse shadowing) property with respect to
the class T,,. where oy, g € {0, ¢, h}.

In all that follows, M denotes a compact
smooth manifold and Diff (M) denotes the space of
C! diffeomorphisms on M with the ! topology.

Corless and Pilyugin [1995] proved that every
f € Diff (M) with the strong transversality condi-
tion does not have the Inverse shadowing property
with respect to the class Ty, Kloeden and Om-
bach [1997] have shown that every Anosov diffeo-
morphism has the inverse shadowing property with
respect to the class T.. Very recently. Lee and Choi
[2002] claimed that Morse-Smale diffeomorphisms
have the inverse shadowing property with respect

to an appropriately restricted class of pseudo orbits,
but do not have the property with respect to larger
classes of pseudo orbits.

The principal result of this paper is that the
shadewing property for a homeomorphism [ £
Z(X) is independent of the choice of the class of
admissible pseudo orbits if X is a compact mani-
fold. The assumption that the phase space X is a
manifold cannot be removed as the following exam-
ple shows:

Example 2.4. Consider the circle 5 = {{£, i) :
(€ —1/2)° +n* = 1/4}, coordinatized by 8 € [0,1),
and define the homeomorphism f; on 5 as follows:

g=0 or

) ;

fll)y>0 it e (5,1).

: 1
fl{ﬂ}:ﬂ if H:EZ

i) <8 if de (1}:

b | —

[

Let: L = {{=,0) € R® : 0 < = < 1}, and
consider the homeomorphism f; en L given by
folr, 0) = (z*,0), Define a homeomorphism f on
A =9 L by

o [y
fl"ﬂ_{fz{»‘:} i

rE S,
ze L,
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It 15 easily checked that [ has the shadowing prop-

erty with respect to the class Ty, bul does not have

the shadowing property with respect to the class Ty.
Indeed, rather more can be shown.

Theorem 2.5. A homeomorphusm [ on 5 has the
shadowing property with respect fo the class Ty of
and only if 7t has the shadowing property with re-
spect to the class Th.

To prove this, some further notations and a
known result (Lemma 2.8) are required. When
studying the theory of shadewing of homeomor-
phisms on S, without loss of generality, attention
can be restricted to those homeomorphisms on &
which preserve orientation.

Let (X, d) be the vircle §, with coordinate
x € [0,1), and with  the metric on 5§ Induced by
the usual distance on the real line. It s easy to
show that f € Z(85) has the shadowing (resp. in-
verse shadowing) property with respect Lo the class
Toe tv =10, ¢, h, if and only if f* & Z{8), with some
k€ Z, has the shadowing (resp. inverse shadowing)
property with respect to the same class 7,,.

Let s : B —+ 5 be the covering projection de-
fined by the relations

w(z}e [0, 1), w(z)=z(mod 1)

with respect to the coordinate 2 on 5. Let F < B —
2 be the lift of f such that F(0) € [0, 1). It is well
knewn that for any @ € B the limit

1 3 I
(med 1)

pif) =

lim =
n—=o0

7l
exists and does not depend on ©. This quantity is
called the rotalion wember of [ and measures the
average amount that a point in 5 is rotated by f.
The main property of the rotation number is that f
hias a periodic point if and only if g f) is rational.
Plamenevskaya [1997] gave nevessary and suffi-
cient conditions nnder which a homeomorphism of
& has the POTP.

Lemma 2.6 [Plamenevskaya, 1997].
the POTP f

f € Z(8) has

L. Fix{f) 13 nowhere dense and confains af leas! bwo
points,
2. for any a.b € Fix(f), either Fix(f) N (a,b) =0

ar the funclion F(t) — ! changes sign on (a.h),

where Fix( [) s the set of all fired pownts of f, F 15
the lift of [ such that F(0) € [0, 1), and (a, b) is the

apen are of § corresponding Lo the set (a, b) C [0, 1)
whenever o < b

Theorem 2.5 will follow from this lemma, The
proof uses techniques of [Plamenevskaya, 19971

Proof of Theerem 2.5, Suppose f € £(5) has the
shadowing property with respect to the elass 7.
Then it is clear that Fix(f) is nowhere dense. First,
J has periodic points. For, if not the rotation num-
ber p( £} is irrational and we can choose 0 < = < 1/4
such that

(1) d{z, flx)) > 3¢,
(i) d{z, y) <  implies d(f(2); fly)) < }I )

for all x,44 € & For each such ¢, let § = §{e) > 0
be that corresponding to £ in the shadowing prop-
erty 2.1 for f with respect to the class Ty, Let
& 5, Choose 0<d < fand mon €T m<rn,
sucl that

d{ f™(z), fMz) < &
and
A ), f7(2)) >

for all m < p < 0. Let f™{x) iy aned put
N =n—m. Choose an arc (a, b) in 5 such that

ro, [V (7o) € (1, &) and  d{a, b) = 4"
Select a homeomorphism h & Z(5) such that
WY (xg)) = 2p; and A(x) =z if = & (o, b).
Put g =ho f. Then
do(f,g) <& and g"(zo) =0,

By assumption, there exists a point y ¢ 5 satisfving

d{ f*(y), g (x0)) < €

for all k € Z. Since d{xg, y) < &, there are
24, v € [0, 1) such that
leh — 9| < e, mlzh) =2 and #(y)=y.

Let Foand 7 be the lifts of fand g, respectively,
satisfying F(y'), Glzy) £ [0, 1). Then it is easily
seen that

[F¥(y) — GMap)| < €



for all k € M, For, if this is not so there exists a
smallest kg € M such that |[F% (") — GRo(ah)| > e,
Far this kg,

[FR(y') = GR(ap)] = |[F(F7' ()
- Ho (G (2))|
< [F(F ()
— F(GM Y ay))|
# [F(G ™ zy))
— H o F(G* Y zh))
igak
4 "~ 3
where H is the lift of A with H(zg) € [0, 1). On the
ather haned,
PR () — G )| = dr(FH (")), 7(G* ()
= d(f*(yo), 4% (o)) < &
The contradiction shows that
[Py — GMap)l < =
for all k € M. Since =GN (x}) = ¢¥{zg) =2y =
w(xg), it follows that GN{xp) = z} + ¢ for some
g & M, Consequently,

i <
pF = T S i“) — lim

k=>po B ||:;:

GH(ah) _ g

N

and the rotation number of f is rational, contra-
dicting the initial assumption and so f must have
periodic points.  Thus, it may be assumed that
Fix{f) # 8. Moreover, it is easy to check that if
the set Fix(f) consists of one point then [ does not
have the shadowing property with respect to the
class Ty,

Next, if (a, b) N Fix(f) # 0 for a. b € Fix(f)
then the function F(t) — ¢ changes sign on (a, b),
where F' is the 1ift of f with F(0) € [0, 1). To see
this, suppose F{f) — ¢ = 0 for all ¢ € {a, b);, and
let €€ {a, b) N Fix(f). For any v > (1. there exists
g £ Z(5) such that

#®

do(fi g} =~y and G{#)—¢ >0 for t € (a, b,

where G is the lift of g, with G{0) € [0, 1). How-
ever, then no f-orbit in (a, b) can e-shadow the g-
arbit through ¢, and this contradiction shows that
the function F(t) — t changes sign on {a, b). Appli-
cation of Lemma 2.6 completes the proof. W

Theorem 2.7. A homeomorphism f on a eompact
rariifold M has the shadowing property with respect
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to the class Ty if and only if [ has the shadowing
property with respect to the cluss T,

Proof, Because of Theorem 2.5, it may assumed
that dim M > 2. Suppose that f € Z(M) has the
shadowing property with respect to the class 7. By
Lemma 1.1.1 of [Pilyugin, 1999], it suffices to show
that f has the finite POTP.

To show this, let £ > 0 be arbitrary and choose
d; > 0 corresponding to £/2 in the definition of
shadowing of f with respect to the class Ty, Put
d = 1/44; and consider a finite d-psendo orbit
£ = {25, T1,..., Tm} of f. Then we can select a
set & = {yo, Y1y« Um} of points in M such that

(i) dlzg, ye) <81, k=0,1,,...75:
() d(f () pesr) < 28, k=0,1,...

() 9 #y, 0=i<j<m,

cm— L

From Lemma 13 of [Nitecki & Shub, 1975], there is
a homeormorphism ¢ € Z{ M) satisfying

doleh, 1ag) < 6y and  &(f(y)) = et

for E =0,1,...,m — 1. Since dy(f, g) < &;; there

exists a point z € M satisfying

d(f*(z), g"(yo)) <

ted | 1%

for B=10.1,...,m. Then,
d(f*(2) ze) < e

for all £ =, 1,...,m. This completes the proof.
n

A homeomorphism f € Z(M) is said to be tope-
logically stable if, given £ = 0, there exists § = 0
such that for any g £ Z{M) with do(f, g} < § there
is a continuous map b M — A such that

dplh, 1as) <2 and hog= foh.

Asubset ¥ © X is palled residual i Y con-
tains a countable intersection of open and dense
subscts of X. If P is a property of elements of
A, we say that this property is generic if the set
{re X 2 satisfies P} is residual.

It should be emphasized that topological sta-
hility is a much stronger property than the POTP.
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It is well known that the topological stability is
not a generic property. However, recently, Pilyugin
and Plameneskaya [1999] showed that the POTP is
peneric.

The remainder of this section characterizes
shadowing in terms of stability.

Definition 2.8. A homeomorphism f &€ Z{M) 1s
sald to be perfurbation stable if, for any = = 10,
there exists § > 0 such that for any g &€ 2(M),

with dg(f, g) < 4, there is a map h ; M — M such
that
tdo(h, 1ar) <& and hog=foh.

MNote that f is topologically stable if the map h s
continuens,

Theorem 2.9. A homeomorphism [ & Z{M) has
the POTP iof and only if f is perturbation stable.

Froaf.  Suppose that [ has the POTP and let = = 0
be arbitrary. Choose a § > () corresponding to this
£ in the definition of POTP for . Select g € Z{M)
with dy(f. §) < 8. Let Oy, 7) = {¢*(x) : k € E)
forxe M, and puit My ={0{g,z)ixze M}. Let
o Mg — M be s cholee Tunetion, snd denote

a{Hg, z)) =T,z e M.
For each T € M deline the sef
#(z) = {y € M : d{f*(y), o* (%))

<cforal ke &

Then each #(F) is nonempty. Let 3 {{F) : x £
M} — M be another choice function and denote

Gz =w. 2 e M.
Define a map i M — M by
hlgh(z)) = (@)

for 2 € M and all k 2 & Then h is well defined
and satisfies
dolh, 1ag) < e and hog= foh.

To show thesc properties, let olCi{g, z4)) = Ty
for each 2y & M. Then there exists n £ 2 with
g"“]';u.] = o= TJE!. .i{']?(ju]:l = ﬁ[]. Thfn

d(h{g"(T0)), 6 (Zo)) = alF*(5y). o"(F0)) < ¢

for all £ € &,
Moreover,

This means that dp(h, 1) < =

hglag) = hglg™(Ze)) = F*F (7,)
= flhg"(To)) = fhizp).

Conversely, it is clear that if f is perturbation
stable then it has the shadowing property with re
speet to the class T, Applying Theorem 2.7, it is
easy to sce that f has the shadowing property with
respect to the class oo The prool is complete, W

3. Inverse Shadowing and
Hyperbolicity

Many attempts have been made to express the con-
cept of hyperbolicity in topelogical terms. Notions
of shadowing, coordinates, expansiveness and the
like have proven to be uscful for this purpose. ln
Lhis section concepts of hyperbaolicity are character-
ized in terms of inverse shadowing, as introduced
in [Corless & Pilyugin, 1995; Diamond et al., 1993,
1995; Kloeden & Ombach, 1997].

When discussing inverse shadowing of =
Z{M). an appropriate choice of the class of admis-
sible pseudo orbits s erncial [Corless & Pilyuzin,
1995 Kloeden & Ombach, 1997; Lee & Choi, 2002,
whereas the notion of shadowing of f € Z(M) is
independent of the choice of the class of admissible
pseudo orbits, as, for example, in Theorem 2.7.

Clearly, the inverse shadowing property with
respect o the class Ty is stronger than that of in-
verse shadowing with respect to the class 7. and
inverse shadowing with respect to the class T, is
stromger Lhan that of inverse shadowing with e
spect to the olass Ty

Throughout this seetion, the term  “inverse
shadowing property” tefers to inverse shadowing
with respect to the class Ty, which is the weakest
nofion among the three.

Briefly, recall the concept of hyvperbolicity., Let
f e DIf(A). Denote by T M the tangent space of
M at ¢ € M, and let |[v]] be the norm of v € T A
induced by the Riemannian metric on M,  ix
x££ M and define two linear subspaces of T, M:

E;={veT:M:||DfHu)|| =0 a8 n— o0}
Ef={ve T M: | D)) = 0 as n— e},

where D f denctes the derivative of [, A closed in-
variant set A © M is sald to be hyperbolic for fif



cach tangent space To M, 2 € A, has a continuous
direct sum T, M = E? @© E} whose summands are
invariant under the map Df,,

Dfe(E7) = Ejpy and Df(EY) = EY,,.
If M is hyperbolic for f then [ is called Anosow.

Hyperbaolicity is a principal object of interest
in the global qualitative theory of dynamical sys-
tems. It is well known that if f € Diff (M) is Anosov
then it is expansive and structurally stable. That is.
given £ > 0 there exists a O neighborhood U of f
such that for any g € i there is a homeomorphism
fi o M — AF such that

dglh, lag) <& and hof=goh.

Moreover, if f e Diff{ M) is structurally stable and
expansive then it is Anosov [Mane, 1977].

A map f £ Z(X) is expansive on a subset ¥ of
A i there is ¢ =), such that for any pair of distinct
points s e X and y e Y,

supd( f*(z), _.F'E‘I:y}} =

kel

when X =Y f is termed cxpansive, and e > 0 is
called an erpansive constant of f. Forany f € Z(X)
and ¥ C X, define the finite quantity

supfe = 0+ -'_.!f_ll"'l"[_::::l, f"'{y_]:l e Vee X,
y €Y and ¥k € & implics =y}

es(Y)

and abserve that ¢, (Y] is nonzero if and only if f
18 expansive on ¥

It has been shown that an expansive homeo-
morphism f € Z{X) with the shadowing prop-
erty has the inverse shadowing property [Kloeden
& Ombach, 1997, Theorem 1. However an expan-
sive homeomorphism f € Z(X) with the inverse
shadowing property need uot have the shadowing
property. In fact, the pseudo Anosov diffeomear-
phism on a compact surface is expansive and has
the inverse shadowing property [Lewowics, 1983,
Corollary 3.1], but does not have the POTP.

To abtain a necessary condition for the inverse
shadowing property to imply the shadowing prop-
erty, we infroduce the notion of stable closed ex-
pansivity, which is slightly stronger than that of
cxXpansiviiy.

Definition 3.1. A map f € Z{X) is sad to be
closed expansive (CLE} if whenever [ is expansive
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on a subset ¥ of X, f is also expansive on the
closure Y, and &;(Y) = e(Y).

Remark 8.2, Clearly, if f € Z(X) has the shadow-
ing property on a subset ¥ of X, then f has the
shadowing property on the closure Y. Similarly, if
f has the inverse shadowing property on ¥ then f
has the inverse shadowing property on the closure
Y. However, even if f is expansive on ¥ it cannet
be guaranteed that f is expansive on the closure Y.

It f € Z(X) is expansive then it is clearly CLE,
but the converse does not hold, To illustraie this,
for each n € M, led

1 1 1 1
= s T ail 4 & N
A {En (2 .I.'-)1 Erl(l—i_.i.').ﬂ.e"}’

and let X = (L), o X, ) U{0} Then X is a compact
subset of [0, 1], Define a homeomorphism [ on X
by

1
T if ae —;L‘:[LLE‘...}U;U "
f(z) = ' {2* 10}

' otherwise,

where &' is the greatest element of X which is
smaller than . Then f is CLE, but it'is not expan-
sive, Moreover, it is easy Lo construct an expansive
homeomorphism f € Z(X) such that:

L. f has a neighborhood U such that every g € I is
CLE; but

2. any neighborhood V of f contains a homeomor-
phism h € U which is not expansive.

In fact, in the above example, the restriction
map fly, + Ay = X is such a homeomorphism.

Definition 3.3. The map f & DIF{A) is said to
be stably closed expansive (SCLE) i it is expan-
sive and there exists a €7 neighborhood I of f in
DA (M) such that every g € I is CLE,

Theorem 3.4, A map [ € Diff (M) s Anosov of
and only of it s SCLE and has the mverse shadow-
ing property.

Suppose that f is Anosov. Since the !
Anosov diffeomorphisms form an open subset of
Diff (M}, it is clear that f is SCLE. Moreover f
has the inverse shadowing property. because 1t is
expansive and has the shadowing praperty.
Conversely, suppose that f is SCLE and has
the inverse shadowing property. It suffices to show

Proaf.
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that f is structurally stable. Let ¢ > 0 be an ex-
pansive constant of f and £ > 0 a constant with
£ <X £/24. Choose § > 0 corresponding to thiss > 0
in the inverse shadowing property and the SCLE
definition for f. Let g € Diff(M) be such that
di(f, g) < 8, where d; is the metric on Diff (M)
which induces the C! topology on Diff(M). Put
Mif={O(f,z):ze M}. Letw: M/f = M be

a choice function and write

alO(f,
For each € M, define the set

£)) =% M.

E(®) = {y € M = d(F¥(z),
g*(y)) < £ forall k e z}.

Then each E(F) is a nonempty set. Let §: {E(T)
& M} — M be another choice function, and write

BE@E))=9. € M.

Define the map b - M — M hy

R(FH(E)) = % ()

for o € M and all k € £. Then & is a well defined
injective map satisfving
dolh, 1a¢) <& and heof=goh.

To show this, since a{()f, zp)) = Ty for each
zg € M, there exists some n € E with f™{Tg) =x0.
Let B{=(Fy)) = Hy. Then

dih(f*(Za)), £* f¥(Ee)) < e
for all k € B, Thus, dylh, Lar) < 2. Moreover,

hfizp) = RE(f (o)) = ¢ (T0)
alhf™(Zs)) = ghizg).

(Zo)) = d{g"(T0):

To show that h is injective, suppose that hiz) =
flze) for x, 29 € M. Since ho f =goh,

d(f*(x), o)) < d{fFa), hfF ()
+d(hf* (o) fH ) <e
for all k € Z, giving & = g by expansivity.
NMNext, the map h is continuous. First, the map

i is expansive on the set A(A) with an expansive
constant /2. To show this, suppose that

d(g* (h(z)), ¢(h{n)) < =

forz,y € M and all k& Z. Then

d(f*(z), FHy)) < d(F(2). ¢°(hiz)))
+d(g* (h(z)), g*(h(y)))
+d(g*(h{y)), fly

for all k € E, and so h{z) = h{y). Let A > 0 he
arbitrary. Then there is n > | such that

N<e

dlg*hiz), ¢ (hly) = % for all |k| < 7

implies d(hix), hiy)) < A,

lor o,y € M. Suppose the contrary: Then there
exists + = ) such that for ench n > 1 there
points iy, yn € M satisfving

are fwo

ﬂﬁmuﬁLf%maﬂig

and

dib{z), My =

for all |k} < n. Since M is compaect, without loss
of generality it may be assumed that the ar-‘qm nees
{hlry)} and {A(y,)} converge, say hiz,) — 2 and

hiya) — w. Then z,w & hlf".f'] ancel iz, w) 2
Sinee g is CLE and

d(g"(2), g (w)) < d(g"(z), g* (hlwn))

+d(g® (b)), g% (h{ya)))

+d(g" (h(yn)), o*(w)) < %

for sufficiently large noand for all £ £ Z, we arrive
at a contradiction. Now ]rr T} = 0 be such that
if d(x, y) < 7 then d{ f(x), f4(y)) < /6 for all
|k} = n. Then

d(g* (h(=)), g* (hin))) < 3

for all |k < n and so d{h{z), h{y)) < A

Tt is well known that if M is a compact mani-
fuld and dq(h, 1ar) < £ with £ small enough, then h
maps M onto M. This means that f is structurally
stable, and the prool is complete. W

Corollary 3.5. Let f € Diff (M) be SCLE, Then f
has the shadowing property if and only if it has the
inverse shadowing property.

Remark 3.6, If f € Diff (M)} is Anosov then it has
the inverse shadowing property. Furthermore, it is



easy to see that the inverse shadowing point remains
valid under a small C! perturbation of f. In fact,
if fis Anesov a common expansive constant & > (
can be found for all diffeomorphisms in some ¢!
neighborhood My of f. Choose a C'! neighborhood
Uz of f corresponding to the number /2 in the in-
verse shadowing property of f. Let U = U N,
and g € I{. Then every f-orbit is e-shadowed by a
nnigue g-orhit,

Definition 3.7. 5>ay that f & DHI(M) has the -
verse shadowing uniqueness property (resp. weak in-
verse shadowing unigueness property) if there exists
L = () such that for any = > 0 with £ < L there is a
% neighborhood (resp. ! neighborhood) I of f
in Diff (M), such that for any g € I and any x € M
there is a unigue point y £ M for which

d{f*(x), g* () < =

forall k =%,

Theorem 3.8. A map f € DIff{M) is Anosov
if and only if [ has the weak inverse shadowing
uniqueness property,

Proof. By Remark 3.6, it is enough to show the
sufficiency. Suppose that f has the weak inverse
shadowing uniqueness property. Then it is clear
thal [ is expansive, Let ¢ > (0 be an expansive
constant of f and £ > 0 a constant with ¢ < ¢/12.
Choose 8 > 0 corresponding to this £ > 0 in Defini-
tion 3.7, Let g € Diff(M) be such that dy(f, g) < 4.
and let # € M. Then there exists a unigue point
h{x) whose g-orbit e-shadows { f*(x) : k € Z}. This
defines a map h : M — M with

do(h, 1as} <2 and ho f=goh.

[n fact, for anv & & A,
dif5(f(x)), " (Af () <&
andl

d(fH ), g () < &

forall k € Z. By the uniqueness, i(f(x)) = g(h(x)).
To show that & is injective: suppose that h{z) =

iyl forx.y e M. Then
d( f¥ (), g"(hiz)) < = and d{ f5(y), yk{fu.{yjjl} <E

forall k€ &, giving = = 3,
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Next, the map A is continuous. It can be casily
shown that the map g is expansive on the set h(M )
with an expansive constant e/4; but it need not be
expansive on the set h{M). Let A > 0 be arbitrary.
Then there exists n > 1 such that

d{g*(z), ¢*(y)) < = for all [k| <n

| m

implies dlz, y) < A,
for =, y € R(M). For, if not there exists ;2 > 0 such

that for each 1 = 1 there are two points o, yy € M
satisfying

g (hlxn)), ¢ (h(wa))) <
and

(-!I:-'rl{.f'ﬂ :|1 fl{yﬂ:l:l ;?. i

for all |&| < n. Since M is compact, there exist
subsequences {aq, by {yn, } of {z} and {y, }, respec-

Lively, such that
Tp, H 2 and g Y.
Choose a subsequence {ni} of {n:} sueh that
hl:.'f,';.;,1]| —z and h{yu‘j} —+w.
Then for any given & > 0 obtain that
d(f*(x), g*(2)) < d(f¥(z), [¥(wa,))
+d{fH(an, ), g (h(zn,))

+d(g*(hlzn, ), g¥(2)) < e

for sufliciently large j. This means that k(z) = z,
and so

h.l::rnl}_]- -+ h{x) .

Similarly,
M3, ) = hiy) .
Consequently,
dlg*(h(z)), g*(hiy))) < ':
and

d{f(x). hiy)) = p
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for all & € Z. This contradicts the fact that g
is expansive on hi{M) with an expansive constant
efd. Choose n > 0 such that if d(z, ¥) < 7
then d{ f* (), f¥(y)) < /6 for all |k| < n. Thus,
d(hiz), i{y)) < A and the map & is continuous. By
mich the same reason as at the end of the proof of
Theorem 3.4, it follows that fis Anosov. B

Remark 8.9, There is no such result as the above
for the {weak) shadowing uniqueness property, Say
that f < DifE(M) has the shadewing unique-
ness property {resp. weak shadowing unigueness
property) if there exist L > 0 such that for any
£ > 0 with £ < L there is a €Y neighborhood (resp.
C' neighborhood) U of f in Diff(M) such that for
any g € i and any y € M there is a unique point
x £ M for which d{ f*(z), ¢*(y)) < = for all k € E.
It can be easily checked that if f & Dif{M) is
Anosov then i has the shadowing uniguencss prop-
erty, but the converse does not hold. In fact, every
diffeomorphism g € DIF(M) which is topologically
conjugate to a diffeomorphism [ with the shadow-
ing unigueness property has the shadowing unigue-
ness property, But a diffeomorphism g € Diff{ M)
which is topologically conjugate to sn Anosov
diffeomorphism [ need not be Anosov.
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