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Abstract We study the existence and energy decay of solutions for the strongly damped
nonlinear beam equation. We apply a method based on Nakao method to show that the solu-
tion decays exponentially, and to obtain precise estimates of the constants in the estimates.
Finally, we discuss its applications in moving boundary.
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1 Introduction

In this paper, we investigate the existence and energy decay of solutions for the following
strongly damped nonlinear beam equation:

Ku” + A%u + (o + M| AV2u)*)) Au + 8 Au’ = 0,

u(0) = uo, u' (0) =u,, (L.1)

where the operator A and the function M (-) satisfy some convenient assumptions, § > 0 is
a constant and « is arbitrary real number. Moreover, we study the existence and uniqueness
of strong solutions as well as the uniform decay of the energy to application of (1.1) over a
non-cylindrical domain

uy + A%u— (e + M(|Vu|) Au+ Au, =0 in Q,
ou ~

=—=0 onX, (1.2)
v

u(x,0) =ug(x), u(x,0) =ui(x) in Q,

u

J.A. Kim (X)) - K. Lee
Department of Mathematics, Chungnam National University, Daejeon 305-764, Korea
e-mail: jakim@nims.re.kr

K. Lee
e-mail: khlee@math.cnu.ac.kr

@ Springer


mailto:jakim@nims.re.kr
mailto:khlee@math.cnu.ac.kr
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where v = v(o, t) is the unit normal at (o, t) € 3 directed towards the exterior of Q If we
denote by 7 the outer unit normal to the boundary I' of €2, we have, using a parametrization
of ',

1 ’ o / 2\1/2
v(o, 1) = ;(77(5),—7/ 1§ -n(§)), &= s where v = (1 +y' ()& -n&)) 7"
(1.3)

The transverse deflection of an extensible beam of length L > 0 whose ends are held at fixed
distance apart as a physical model of (1.1) is written in the form of the hyperbolic equation

%u(x, 1) N %u(x, 1) ( ,3/ Bu(s H? )azu(x 3]

’

ot? x4

which has been proposed by Woinowsky and Krieger [18], where u(x, ¢) is the deflection of
the point x of the beam at the time ¢ and «, 8 > 0 are constants.

The abstract formulation as (1.1) was investigated by several authors [10-12, 14, 15].
In a fixed domain, it is well known that the energy of the system (1.2) also decays to zero,
see [8, 13]. But in a moving domain, see [2, 5-7, 17], energy decay were more difficult to
obtain than the result in fixed domain. And in this case, the transverse deflection u(x, r) of a
beam which changed its configuration at each instant of time increases its deformation, and
hence increases its tension. Moreover, the horizontal movement of the boundary yields non-
linear terms involving derivatives in the space variable. See also Eisley [4] and Burgreen [3]
for physics justification and background of the model. In this paper, we prove the existence,
uniqueness and study asymptotic behavior for solutions for the problem (1.1) with § =1
under some assumptions on A, K and M (-). The method applied in this paper is based on
the Galerkin method for existence and the Nakao method for asymptotic behaviour of solu-
tions. Also, our existence result of (1.2) on non-cylindrical domains will apply to the inverse
transformation. This method was introduced by Rasso and Ughi [16] to study certain class
of parabolic equations in non-cylindrical domains. Unlike the existing papers on stability
for hyperbolic equations in non-cylindrical domain, we do not use the penalty method but
work directly in our non-cylindrical domain Q. From the physics point of view, system (1.2)
describes the transverse deflection of a stretched beam fixed in moving boundary device. We
use the standard notations which can be found in Bellman’s book [1] and Lion’s book [9].
The paper is organized as follows: In Sect. 2, we present some notations and assumptions
which will be needed later. In Sect. 3, we will study the existence of solutions for the prob-
lem (1.1). In Sect. 4, we will study the exponential decay for solutions of the problem (1.1).
Finally, in Sect. 5, we will show application of (1.1) in non-cylindrical domain.

2 Notations and Assumptions

In this section we prepare some notations and assumptions which will be needed in the proof
of our result. Let H be a real Hilbert space with the inner product (-, -) and the norm ||-|.
And, in Sect. 5, we employ the usual notations for the standard functional spaces. The inner
product and norm on L?(2) and L?(I") are denoted by (-, -), || - || and (-, )r, || - || respec-
tively. We denote the Hilbert space H(A, Q) = {u € H'(Q); Au € L*(Q)}, provided with
the norm

1
Il iras = (lullyr g + Al
where H'!() is the usual Sobolev space of first order. Now, we state the following hypothe-

ses which will be assumed in this paper:
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(H.1) A is alinear operator in H, with the domain D(A) dense in H and A is a self-adjoint
and positive operator, i.e., there is a constant k > 0 such that (Av, v) > k||v||?, for v
in D(A).

(H.2) M()) is a real C'-class function with M (L) > my + m A for all A > 0, mg > 0,
my > 0.

(H.3) K is alinear and self-adjoint operator with domain H and (Ku,u) >0 forallu € H.

For priori estimates, we need the following Gronwall’s inequality (see [1]):

Lemma 2.1 Ifk > 0 and ¢ > 0 are constants, then the inequality

F) <k+ec / h(s) f(s)ds
0
implies that

f@) 5kexp<c/ h(s)ds), t>0.
0

To prove the decay estimate of the energy, we use the following difference inequality by
Nakao and its proof can be found in [11].

Lemma 2.2 Let E(t) be a nonincreasing and nonnegative function on [0, T'] such that
E@) <ko(Et)—E@+1) on[0,T],

where kg is a positive constant. Then we have

k
E@t) < E(Q)e MU= on10, T, whereklzlog(k °1>.
o —

3 Existence Results of (1.1)

In this section, we are going to show the existence of solution of problem (1.1) using Faedo-
Galerkin’s approximation. Considering the hypotheses (H.1)-(H.3) we have the following
existence result:

Theorem 3.1 Let « be arbitrary real number, ug belongs to D(A*+'/2), u, belongs to D(AF)
for all natural number k. Then there is a unique function u(t), 0 <t < T for 0 < T < oo,
such that u(t) and u'(t) belong to C([0, T); D(AX)) for all natural number k and u(t)
satisfies

Ku"+ A%u+ (a + M(|A"?u|»))Au+ Au' =0 in H, (3.4)
u@=ug,  u'(O0)=u. 3.5)
Proof For simplicity of proof, we only consider § = 1 without loss of generality. To prove
the existence we use the Galerkin method, taking for base the eigenvectors of the operator A.

In fact, let (w, ),y be the sequence of eigenvectors of A corresponding to the sequence
(A))ven of its eigenvalues. Let V,, = [wy, w, ..., w,,] be the m-dimensional subspace of
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H generated by the m first eigenvectors of A. We define the approximate solutions u,, ()
of (3.1) in the following way: u,,(t) € V,,, i.e.,

Un (1) =) Gim (D, (3.6)
i=1
(K (£), v) + (i, (£), Av)
+ (o + MUIA U, (0)17) (At (), v) + (Auj, (1), v) =0, 3.7
Um (0) = UOm> I/t:n (0) =Ulm- (38)

By uq,, and u;,, we represent, respectively, the partial sum of the m first terms in the eigen-
vectors expansion of the vectors ug and u;. Systems (3.7) and (3.8) of ordinary differential
equations, in the variable ¢, has a solution u,,(¢) in an interval [0, #,,). In the next step we
obtain a priori estimate for the solution u,, (), so that it can be extended outside [0, #,,), to
obtain one solution defined for all 7 > 0.

Step 1: First Priori Estimate
Taking v =2u/,(¢) in (3.7), we obtain

||K1/2u’ o1k +—||Aum(t)|| tao IIA“zumU)“

+MAA 2 OI) — ||A”2um(t)|| + 2| 2w, ()] =0. 3.9)
Integrating from O to ¢, with 0 <t < t,,, we obtain
1K1, (O + | A O + | A, (0]
. 4 :
- /O (M(MA'ﬂum(s)nz)%||A‘/2um(s)||2)ds+2 /0 A2, ()17 ds
= 1K |* + | Auonll* + | A ugn 1.
Let M be the primitive of M defined by M ) = fol M (s)ds. We have
1K1, O + [ Aum O + | AP u ()]
+ M(IAu, (D7) +2 /0 t 1A 2w, ()] ds
= Pm,

w1th Py = 1K' Purn|* + | Ao |I* + o | A2 ugn|I* + M(||A?ug,,||*) which converges to
= 1K "2uy|? + [ Augll? + ol AV 2ug |12 + M (A 2u|?).

t
1K 2w, O + [| At () > + M A1 (1) |17) + 2 / IAY2u;, () 11%ds
0
< Ry + 1| A u, (0], (3.10)

where Ry, = | K21, |1+t | AVt |12 + | Atton 1> + M (| A1, |*) Which converges to
Ro = | K 2uy || + || [|A2uo|> + || Auol|® + M (]| AY%ug||?). Therefore, there is a constant
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Cy > 0, independent of m and greater than R,, such that (3.10) still holds, with R,, replaced
by Co.

Now, M()) > mg + m X implies M(A) > mok + (m,/2)A2. For |ajo < |a|?/2m;) +
(m1/2)0%, we have

t
1K U ()1 + | A (D1 + mol| A1 (0)|* +2 / 1A, ()I*ds <€, (3.11)
0
where C = Cy + |a|?/(2m,), a constant independent of 1.
T
1K, D1 + 1| Aum O + AP ()17 + 1A, ()] < C — 2/ A2, (s)|°ds.
0
Then
), DI + 1| At (DI 4+ A um (DI + 1A 0], ()]
T
<C +/ (1), I + | Atty (1> + N AP u ()17 + 1|1 AY 20, () 11?)ds
0
Hence, applying the Gronwall inequality, we obtain

), DI+ A DI + A 2w ()17 + 1A 2wy, ()] < Ce'. (3.12)

In particular, since §||u,, (1)||?> < (Au,(t), u, (), it follows that u,, () remains bounded;
hence, it can be extend to [0, 7). Therefore, (3.12) holds forall m and 7 € [0, T').

Step 2: Second Priori Estimate
Since V,, is generated by the m first eigenvectors of A, we can take in (3.7) v =
2A% u,, (1), for all natural numbers k. We obtain

||K“2Ak OlE + ||Ak+1um(r)|| tor ||Ak+‘/2u o1
+M<||A‘/2um(z>||> ||A"*‘/2um(z>|| + 2| A2 ()))F = (3.13)

Let us set y;(t) = [|K'2A%ul, ()| + | A (0112, Be(2) = | AT 20, (1) 1> and pu(t) =
M(||AY?u,,(#)||?). Then (3.13) can be written as

d d d
T F B + () B + 2 A2y (1)]1* = 0. (3.14)
If we set hy (1) = i (t) + aBi(t) + (1) B (1), then we obtain

hie(1) — aBi(t) = yi () + (1) Be(1) (3.15)

and hence h; () — B (t) is a positive function for ¢+ > 0. Derivating both sides of (3.15)
with respect to ¢, we obtain

d d d d
77 (@) —afi () = i (6) + p(6) 7 B (1) + - (OB (D). (3.16)

@ Springer



512 J.A. Kim, K. Lee

From (3.14) and (3.16) we can write

d d d
E(hk(t) —opi(t)) = —am i (1) + (DB (1) — 20| A2, (). (3.17)

Using the definition of S (¢), finding its derivative with respect to ¢ and by the Schwartz
inequality, we have

< (). (3.18)

‘i ()
dtﬁk

From (3.15), (3.17) and (3.18) we find

d
‘E(hk(t) — af (1)) B(0)

d
< lafy(t) + ‘E“(”

1
+—
= <|a| wu(r)

Since u(t) = M(|A2u,, (1)[1?), M (%) € C'[0, 00), we have

LI
dtu()

)(hk(t) — af(1). (3.19)

d
’E“(” = M (| AP (D I)12( Ay, (8), uy, (1))
< IM" (A2 1) N, D1 + 1| At (0)]1%).

By the first estimate (3.12) it follows that Ié—iu(t)l < Cimaxo<s<c, |IM'(s)|, where C| = Cerl.
Therefore, (3.19) can be written as

d
‘E(hk(t) — o ()| = Co(he (1) — afy (1)), (3.20)

where C; = |ar| + - maxo<,<c, [M'(s)].
From (3.20) and the Gronwall inequality (Lemma 2.1), we obtain

hi(t) — afr(t) < (hi(0) — afr(0)) exp(Cyt) forallz > 0. (3.21)

If follows from (3.21) and according to assumptions on the initial data, that there exists a
constant C3 > 0, independent of m, such that

K2 AR, (D1 + 1A w011 + AP0, ()] < Cs, (3.22)

for all natural number k and all real number ¢ > 0.

Step 3: Limit of Approximate Solutions

We prove, first of all, that the priori estimate (3.22) imply that sequences
(Kl/zAku;n ())mens (A 20, () mens (At (1)) men are Cauchy sequences on [0, T'], for
all T > 0. Suppose that m; and m, are natural numbers such that m, > m;, u,,(t) =
Z:.”:l 8im(Dw;. Set w(t) = Uy, (1) — uy, (t), where u,,, (¢) and u,,, (¢) are two solutions of
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the approximate system (3.7). It follows that w(¢) satisfies the following three conditions:

(Kw"(t),v) + (Aw(r), Av) + a(Aw(t), v)
+ M(|A P, (1) 1P (Aw (D), v) + (Aw' (1), v)
= (MUIA 2w, (OIP) = MUIA 1ty (1)) (Atty , )5
w(0) = U, (0) — uy, (0) =uom, — tom, —> 0 asmy,my — 0;

w’(0) :u;nz(O) —u;nl(O) =Uimy —Uim, — 0 asmy,my— 0.

Taking v =2A%w/(¢) in (3.23), we obtain
d ik oz 4 ke 2 k+1/2 2
E”K Atw' ()l +E”A w@)|” +allA w(@)|l

d ,
+ M(nA”Zumz(r)||2‘>Z||A’¢+”2w<r>||2 + 2| A2 (1))

=2(M (1A, 1) — MUIA 1y OIP)) (At (1), AW (1)).

Let us set

@) =1K"? AR @)1 + A w()|* and
B = A 2w ?, @) =MUAu,, O (v=1,2);

with this notation, the differential equation (3.24) can be written as

d d d
Ey]((t) +GE,31<(Z) + Mz(t)aﬁk(t)

=2(u1 (1) = pa (1)) (A, (1), A'w' (1)) = 2 A 20/ ()17

We define /(1) by hi (1) = yi(r) + afi(t) + pa(t) Bi(1).
Taking the derivative of the last equation and using (3.25), we obtain

d . _d d
77 () = aBr(0) = —am B (1) + - 2 (DB (1)

(3.23)

(3.24)

(3.25)

+2(u1 (1) — p12(0)) (A up, (1), AR/ (1)) — 2|| A2/ (1) |12

By the definition of 1, (¢) and (3.22), we have |1, (¢) — 11 (£)| < C4||AY?w ()| and we also

have [(Afuy, (1), A*w'(1))| < Cs]| A*w' (1))
Therefore we obtain by (3.18),

d
‘E(l’lk(’) - O‘ﬂk(t))‘

Br(t) +2C3Co| AP w (1) | A*w' (1)

d
t — t
< le|ye(t) + ‘dr’“( )

Be(t) + KA 2w(t)|* + K|A*w' (1)]%,

d
< laly(®) + ‘Euz(t)

where K = C3Cy.

(3.26)
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Since yi () < he(t) — afi (1), Bi(r) < (hi(t) — B (1)) /pa(t) and |A*w' (1) > < i (1), we
obtain the following form:

d
E(hk(t) —ap(1))

d 1
< la|(he (1) — api(1)) 4 (hi (1) _aﬂk(t))‘zlv’&([)‘m
+ K (hi (1) — afi(1)) + KBo(r)
= Ko(hi(t) — api(1)) + Ko (1), (3.27)
where Ko = |a| + M + K.

If we set k =0 in (3.27), we obtain

d
E(ho(t) —afo(t))| = Ko(ho(t) —afo(t)) + KPo(7)

< (Ko + K /mo)(ho(1) — afo(1))-
Thus we have
ho(1) = afo(r) < (ho(0) — afo(0)) exp(Ko + K /mo)t.
Since ho (1) — afo(t) = yo(1) + pa () Bo(r) = yo(r) 4 mofo (1), we obtain
Bo@) = (0(0) + K Bo(0)) exp(Ko + K /mo)T /mo = K3,
where K, depends only on the constant C; = Ce” of (3.12). Therefore we obtain the fol-

lowing inequality

%(hkm — (1) < Ko(hi(t) — eBi(t)) + K K.
Hence
hi(1) — aBi(1) < (i (0) — @B (0) + K K3T)e" 0.
From this inequality, we obtain
Ye(®) +moBi(t) < (e (0) + M| A" 2uom, 1) B (0))e" 0 + Ky (34 (0) + K20(0)),

where K4 = KT exp(Ko + K/mg)T /moeT%0 forall 0 <t < T.
By the definition of y; (¢) and B (¢), and the last inequality we obtain

1K' AR, (1) — K2 AR, (O 4 1Ay (1) = Ay, (01
+m0||Ak+'/2um2(t) _ Ak+1/2uml(t)||2
< (||Kl/2AkI/t|m2 _ Kl/ZAkulml ”2 + ”AkJrlMOm2 _ Ak+lu0ml ”2
+ M A2 uom, I A ugm, — A 2ug, |17) exp(T Ko)
+ Ks(1K Pty — K21, 17 + | Attom, — Attom, ||
+ Kol Ao, — A g, |17). (3.28)
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It follows that the maximum on [0, T'] of each term in the left-hand side of (3.28) converges
to zero as m, m, go to infinity. Therefore, we conclude that the sequences (K '/2A* u, (1)),
(A 1y, (1)), (AF12y,, (1)) are Cauchy sequences of C([0, T'], H), hence they are con-
vergent for all k € N. For k = 0 we obtain the existence of a vector u(#) such that
(U (1)) men converges to u(t) in C([0, T], H). We also conclude that (A'/?u,,(t)) con-
verges to (A'2u(t)) in C([0, T], H) and M is continuous so that we can pass to the limit in
M(||A"?u,,(t)||?). From those convergence, it follows that u such that

%(Ku’(z), V) + (Au(), Av) + (a + M(IA?u(0)]1*)) (Au(t), v) + (Au' (1), v) =0,

for all v € H, that is, u is a solution of (3.7). From the uniform convergence of (u,,(¢)) and
(), (t)) in C([0, T1], H), it follows that the limit « satisfies the initial conditions.

Step 4: Uniqueness of the Weak Solution
Suppose u and u are two solutions for the problem (3.4) and (3.5). Set w = u — u. Then

we have

Kw'(t) + A’w(t) + a Aw(@) + M| AY?u(@®)|>) Aw(@) + Aw' (1)
=(M(Aa@®)*) — MIAPu@)|?)) Ai(r), (3.29)
w(0) =0, w'(0) = 0. (3.30)

Multiplying (3.29) by 2w’, we obtain
%nzﬂ/zw/(on2 + %nAw(r)n2 +a% 1A w(®)?
+ M(||A]/2u(t)||2)%||A]/2w(t)||2 +2[AV2w' @)
=2(M (A a@)*) — MU A u@)]?) (A, w' (1)) (3.31)
Integrating (3.31) from O to 7, we obtain
IK"2w O + [Aw®) > + | A w o) |?

t d t
+ f A 2u(5) )4 14" ) s + 2 f 1A (5)|Pds
0 N 0

=2 / (MIAa(s) 1% — MIAu(s)1P) (Aii(s), w'(s))ds.
0
‘Whence
IKw' @) + [Aw@O 1> + el A2w@) 1> + M| A2u@) DA 2w @) |)?

=/ ||A‘/2w(s>||2iM(||A”2u<s>||2>ds—2/ AW (s)|1%ds
0 ds 0
+2 f (MUIAa(s)1?) — MUIAu(s) 1) (Aii(s), w'(s))ds.
0
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Nothing that M (|| A"?u(t)||*) = mo, |M(|A'?a||*) — M(|AVu|*)| < Col|A'>w(1)]|, and
LM(IAPu®)|?) =2M" (| Au @) |*) (Au(t), u' (1)) is bounded, we obtain

w17 + [ Aw®) |1 + [| AV 2w ()|
< C/ (Ilw' )1 + [ Aw)I* + A w(s)]1*)ds. (3.32)
0

From (3.32) and the Gronwall inequality (Lemma 2.1), we obtain w(¢) =0 in [0, T], that is,
u = u. The proof of Theorem 3.1 is completed. ]

4 Energy Decay Result of (1.1)

In this section we prove the exponential decay of solutions of problem (1.1) by using Nakao
method. Now we are in a position to show the stability problem of (1.1):

Theorem 4.1 Under hypotheses of Theorem 3.1, the solution of the problem (3.4)—(3.5)
satisfies:

t+1
IK'2u' @)1 + [ Au@)|* + | A Pu@))* + / IAY2u (5)|Ids < aje™'  (4.33)
t

forallt > 1, where «;, i = 1,2, are constants.

Proof In order to use Nakao’s method, we consider the approximated equation

(Kuy (1), w) + (Auy (1), Aw)
+ (o + MIAu, (D11 (A (), w) + (Au, (1), w) =0, (4.34)

for all w € V,,,.
Letting w = u), (¢) in (4.34), we have

1d 1d
__K1/2/t2__Amt2
Zdt” u,, (Dl +2dt” un (|
1d
+ (a+ M(||A”2um(r)||2))§E||A”2um(r)||2 + 1A U, ) =0.  (4.35)
Integrating (4.35) from O to ¢, we obtain
t
E(t)—i—/ |A"2u! (s)|I*ds = E(0), (4.36)
0

where E(1) = 1/2(1K"2u,, (D17 + |Aun 1 + al| Au, (01 + MUIA2un(0)]12)).
From (3.12), we also obtain

1K, O + 1 A 17 + 1A 07 + 1A, )17 < Cr, (4.37)

where C; = Ce” . Integrating (4.35) from 1, to 7, 0 < T; < 75, we get

E(1)) +/T2 AU (s)|1ds = E(1)), (4.38)
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for all t > 0. Thus we have
t+1
/ AU (s)|*ds = E(t) — E(t + 1) = F(1)*. (4.39)
t
Therefore, there exists two points t; € [¢,¢ + 1/4] and 1, € [t + 3/4,t + 1] such that
1A, @) <2F (@) (i =1,2). (4.40)

Letting w = u,,(¢) in (4.34) and integrating the equation from 7, to t, and M (|| A'/%u,, (t)]|?)

> my, we obtain

(14 C(a +mp)) / ’ | Aty (5)|I7ds
< (K, (1), (1)) — (Kt} (12), tt (12))

L)
+ / (K2, () I1* = (At (8), U (5)))ds

’ n )
< (K§+C2)/ !, (2)|*ds +02/ | Aut () )1 ?ds
|

n

+ CKoesssup || Auy ()| (lluy, D1+ lluy, (221,
selt,t+1]

where C > 0 is a constant such that |lu,, ()| < CllAu, (), | Ku,, )| < Kollu,, @)

(i =1,2),and ||Au, (1)]| < C’|ju,,(t)||. From (4.38) and (4.40), it follow that
n
(1 + C(a + mg) — Cz)f | Au, (5)11Pds
n

<¢ (F(t)2 + esssup ||Aum(s>||F<t>),
seft,t+1]

where C; = max(4CK, Kg + C/z).
Whence

/2 | Aty (s)|2ds < Cz(F(z)2 + esssup ||Aum(s)||F(t)> =G

1 selt,t+1]

It follows from (4.39) and (4.41) that

/z(llf\l/zuin(t)ll2 + [ Aun (9)IIP)ds < F(1)* + G(1)*.

n
Hence there exist t* € [f;, t,] such that
A0, ()17 + | Awn (1) |1P < 2(F (1)* + G (1)),

Noting now that

MIA 0, (1) ]1%) < noll A ?u,, (1) 1%,

(4.41)

(4.42)
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where no = maxg;<a1/2,, ¢+ 2 M (s), we get
M(|A U ()P < C3(F (1) + G(1)%). (4.43)

From (4.36), (4.42) and (4.43), it follows that
E(t*) < C4(F(1)* + G(1)?). (4.44)

Now, by (4.38), (4.39) and (4.44), we have

)
esssup E(s) < E(t*)—l—/ AU (s)||*ds

s€lt,t+1] I

< CsF(t)* + Cyesssup || Au, ()| F (t)
te[t,t+1]

1
<CsF()* + 2 esssup E(s).
selt,t+1]

Therefore E (1) < C7(E(t) — E(t + 1)) with C; a positive constant. We suppose that C7 > 1
theny =1/C7 <1.So E(t+1) <(1—y)E(t). Lett > 1 and we consider an integer n such
thatn <t <n+ 1. Then

EO=(1-p)EC-D=A=-py)"E@t—n)<m(l-y)", (4.45)

where m; = esssu E(t) < 0o. Then E(t) < yye''°80=") = yje=®! ¢ > 1, where y; =
Prefo, 11 Y v v
- and ey = —log(l — ) > 0. Whence

K20, (012 + 1| A O + | A2, (D12 + M 1A, (1))
< 2yle_“2’ (4.46)

forall t > 1.
Therefore, by M (L) > my, (4.38) and (4.46) it follows that

1K"2u, I + | A (> + | A0, ()1
t+1
+ / A2/ (s)]|°ds < aje 4.47)
t

forallr <1 withe; >0 (i =1,2).
By the same way in proof of Theorem 3.1, we obtain

t+1
1K' 1 + IIAM(t)IIZ+0l||A”2u(t)||2+/ AU (5)|Pds < aje™t!
t

for all ¢ > 1, which completes our proof. ]

5 Existence and Stability Result of (1.2)
In this section we prove the uniform decay, as time goes to infinity, of regular solutions for a

nonlinear beam equation with viscous damping u,; + A%u — (o +M (|| Vu||*)) Au — Au, =0
in a non-cylindrical domain of R™*!(n > 1) under suitable hypothesis.
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Let Q be an open bounded domain of R” containing the origin and having C? boundary
and y : [0, c0) — R a continuously differential function. Consider the family of subdomains
{2 }0<1<0o Of R" given by

Q,=T(), T:yeQ—-x=y@)y,
whose boundaries are denoted by I';, and let Q be the non-cylindrical domain of R"*! given
by
Q = U Q, x {t} with lateral boundary T = U Iy x {t}.
0<t<oo 0<t<oo

Let ¢ = 0 be a parametrization of a part | J of I, | containing & = o/ (¢). The parame-
trization of a part | of ¥ is ¥ (0, 1) = ¢ (o/y (1)) = $(§) = 0. We have

1
Vi(o,1) = m(vdﬂé), —7' & - V(&)). (5.48)

From this and observing that n(§) = V¢ (£)/|Vo (£)], expression (1.3) follows. Let v (-, 1)
be the x-component of unit normal v(-, -), |v| < 1. Then by relation (1.3), one has

o
vio,t)=n| — ). 5.49
(0, 1) n(y(t)> (5-49)

The method we use to prove the result of existence and uniqueness is based on transforming
our problem into another initial boundary value problem defined over a cylindrical domain
whose sections are not time dependent. This is done using a suitable change of variable.
Then we show the existence and uniqueness for this new problem. Our existence result on
domains with moving boundary will follow by using the inverse transformation, that is, by
using the diffeomorphism.

r:0— 0, (x,z)esz,—>(y,r):<i,t> (5.50)
y ()

and 7' : Q — Q defined by

Ty =@ 0 =0y, 0. (5.51)

Denoting by v the function

vy, ) =uot ' (y,t) =u(y )y, 1), (5.52)
the initial boundary value problem (1.2) becomes

v +y A —y R+ My | VolP) Av 4+ y Ay,
—AMv+a-Vov+a-Vv=0 inQ x RT,
dv

v=—=0 onI xR™",
av

v(y,0) =wvo(y), v (y,0)=vi(y) inQ,

(5.53)
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where
Ay =3 0y, (aydy, +dy,a};y,)v) (5.54)
ij=1
ai_i(y7[):_(y,y_l)zyiyj’ al/j(Ya[):_(V,)’_3)yzy/ (i!j:172!"'7n)5 (555)
a(y,)==2y'y 'y,  ax(,n=—y 2"y + 0 - D). (5.56)

To show the existence of strong solution, we will use the following hypotheses:

y' <0 ifn>2, y' >0 ifn<2, (5.57)

y € L*(0, 00), o inf y(@)=y >0, (5.58)
<t<0o0

y € W2%(0, 00) N W10, 00). (5.59)

Note that assumption (5.57) means that Q is decreasing if n > 2 and increasing if n <2 in
the sense that when ¢ > ¢’ and n > 2, then the projection of €,/ on the subspace ¢ = 0 con-
tains the projection of €2, on the same subspace and contrary in the case n < 2. Concerning
the function M € C'[0, c0), we assume that

M(t) > —my, M(t)t > M(t), Yt >0, (5.60)

where M (7) = Jo M(s)ds and

9
= _0 inr. (5.61)

A’w=xw ingQ, w=—=
an

Now, we will study the existence and regularity of solutions for the system (1.2). The well
posedness of system (5.53) is given by the following theorem.

Theorem 5.1 Take vy € HOZ(Q) N HYQ), v, € HOZ(Q) and suppose that assumptions
(5.57)—(5.60) hold. Then there exists a unique solution v of the problem (5.53) satisfying

ve L®(0,00: H}H(Q) N H*(R)), v € L®(0, 00 : H3 (),

(5.62)
v € L%(0, 00 : L2(R)).
Proof We denote by B the operator
Bw = A’w, D(B) = H}(Q) N H*(Q). (5.63)

It is well known that B is a positive self-adjoint operator in the Hilbert space L?(2) for
which there exist sequences {w,},en and {A,},en of eigenfunctions and eigenvalues of B
such that the set of linear combinations of {w,},cy is dense in D(B) and A; < Ap <--- <
Ay — 00 as n — 0o. We denote by V,, the space generated by wy, ..., w,,. Standard results
on ordinary differential equations imply the existence of a local solution v,, of the form

V) =) gim(Dw, (5.64)

j=1
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to the system
(v +y~ A% — y e+ M2 V") AV + y T A)!
— AWV +a; - Vv +ay- Vv, w;) =0, w;€V,, j=12,....m, (5.65)
v (y,0) =y, v (y,0) =vy". (5.66)

The extension of these solutions to the interval [0, co) is a consequence of the first esti-
mate which we are going to prove below. Applying similar method step 1 and step 2 of
Theorem 3.1, we obtain the following estimates:

O + IV O + AV (O 1> + VY] ()1* < Ly, (5.67)
AV DI + A% @) + VAV 0)|* < Lo. (5.68)
First of all, it easy to see from (5.65) that
v (0)]1* < Ls.

Next, differentiating (5.65) with respect to the time, multiplying by v”(¢), and using similar
arguments as above estimates, we obtain, after some calculations and taking into account
above estimates,

d
227 Em O+ IVou O < La(y'L + [y DIV O + La(ly' | + [y "DEn(0),  (5.69)

where
E,(0)=viOI>+y My "2 [Vu" OV (). (5.70)

Using Gronwall’s lemma, we get

E, (1) +/ IV v ()I*ds < Ls. (5.71)
0

From estimates (5.67)—(5.71), we have that v satisfies

V™ — v weakly star in L®(0, oo : HZ () N H*(Q)),
v" — v, weakly star in L*(0, 0o : Hj (),

v" — v, weakly star in L>(0, 00 : L*()).
By compactness results HOZ(SZ) N HY(Q) — HOI (2) we can get a sequence such that
v" — v strongly in L(0, oo; H, (2)).

Moreover, since M € C'[0,00) and Vv” is bounded in L>(0,00; L*(Q)) N
L?(0, 00; L?(R2)), we have

t
f0|M(y"*2||wmu2)— 20Vl |ds<C/ 0"~ 0y s,

which is

M(y" 21V 1) (Av™, w)) — M VUl (Av, w)). (5.72)
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Letting m — oo in (5.65), we conclude that
v +y A —y (@ + MV ) Av 4+ y T2 A,
—A(v+a; -Vov+a-Vo=0 in L®(0, oco; L*(Q)). (5.73)

To prove the uniqueness of solutions of the problem (5.73), we use the method of the energy
introduced by Lions [9], coupled with Gronwall’s inequality and the hypotheses introduced
in the paper about the functions M, g and the obtained estimates. ]

To show the existence in noncylindrical domains, we return to our original problem in
the noncylindrical domains by using the change variable given in (5.52) by (v, t) =
(x,1), (x,1) € Q. Let v be the solution obtained from Theorem 5.1 and u defined by (5.52),
then u belong to the classes

u € L0, 00: H () N H(R)), (5.74)
u; € L™(0, 000 Hy (), (5.75)
Uy € L0, 00: L*())). (5.76)

Denoting that
u(x, 1) =v(y,t) = (vort)(x,1),
then from (5.52) follows that
g+ Au— (o + M(|Vul*))Au— Au, =0 in L=(0, 00; L*(£2,)). (5.77)

By uniqueness result of Theorem 5.1, we have u; = u,, where u;, u, are two solutions
obtained through the diffeomorphism t given by (5.50). Therefore, we have the following
theorem:

Theorem 5.2 Take uy € HOZ(QO) N H*(Qo), u; € HOI (R0) and suppose that assumptions
(5.57) and (5.60) hold. Then there exists a unique solution u of the (1.2) satisfying (5.74)
and (5.77).

Finally, we show that the solution of system (1.2) decays exponentially. Additionally, we
assume that the function y (-) satisfies the conditions

y' <0, t>0, n>2, (5.78)
1
0< max |y ()] < -, (5.79)
0<t<oo d
where d = diam(€2). The condition (5.78) implies that our domain are “time-like” in the
sense that |v| <A|§|, where v and v denote the x-component and #-component of the outer
unit normal of X.

First of all, we will prove the following lemmas that will be used in the sequel.

Lemma 5.1 Let M (-, -) be the smooth function defined in 2; x [0, 00). Then,
d d y' _
— M(x,t)dx = —M(x,t)dx + — M(x,t)(x -v)dly,
dt Q Q dt Y T;

where v is the x-component of the unit normal exterior v.
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Proof For the proof, see for example [5]. ]

Lemma 5.2 Letv € HOl (QNH*Q). Thenforalli=1,...,n,

v dv
dy; Ty
Proof For the proof, see for example [17]. O

Now we are in a position to show the uniform decay of the problem (1.2).

Theorem 5.3 Take u, € HOZ(QO) N H*(Q),u; € HO1 (R0) and suppose that assump-
tions (5.57) and (5.60) hold. Then the strong solution of the system (1.2) satisfies

E(t) <CE0)e™*, Vt>0,
where C and & are positive constants.

Proof Multiplying (1.2) by u,, performing an integration by parts over €2;, and using
Lemma 5.1, we obtain

d 2
y/

=—M(||Vu(t)||2)/ IVu(t)IZ(E-x)dF,Jr/ y—(v~x)(|uz(t)|2+IAu(t)lz)dF,,
2y r, 2y

Iy

where E(1) = 3 (w012, o+ 1Au@) 2,0, + IV )25 )-

Using (5.78), we obtain

J/—M(Hvu(f)llz) |Vu(®)|*(@ - x)dT, +/ y—(ﬁ'x)(luz(t)lz + | Au(t))dT, <0.
2y r, r, 2y

By above two equations, we have the following result:

d 2
TEO ==Vl 2 (5.80)

We consider the following functional:

L(A)=E@)+e¥(t), where V(r)= /

uu;dx +/ Vu,Vudx, Ve >O0. (5.81)
o &

It is not difficult to see that £(¢) verifies
koE(t) < L(t) <k E(t), for ko, k; are positive constants. (5.82)
We will show later that the functional £ satisfies the inequality of the following lemma.

Lemma 5.3 Let f be a real positive function of class C'. If there exists positive constant
co such that f'(t) < —co f (1), then there exist positive constants & and ¢y such that f(t) <

¢ f(0)e 5.
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Proof The proof of this lemma is similar to the proof [13], we will omit. O

Taking the derivative of W(¢) defined in (5.81) with respect to ¢, it follows that

%\wr) = lu D2, + 1Vu D20, — 1282,
— (@ + MUV 2 MIVEDI2 g,
< 2E@®) +20u )32, + 21 Va0l g,
— VU2, — MUVED2,)
< =2E(t)+4E(0). (5.83)

Then, using (5.80) and (5.83), choosing ¢ small enough we get
d
L) < =26 E() = (1= 20)|Vits ()2, + 260 (D)2 ) < —h2LC). (5.84)

where k; is a positive constant depend on ¢, k;.
Then, using Lemma 5.3, we obtain

L(t) <c1L(te ™, Vt>0.
Therefore, using (5.84), we see that the following uniform decay result:
E(t) <CE0)e™*, Vt>0.
The proof of Theorem 5.3 is completed. a
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